ABSTRACT. The aim of this paper is to construct exact formulae for reflectionless potentials for ordinary differential operators of order four. They lead to soliton type solutions which are well known for one dimensional Schrödinger operators. Such solitons are solutions of some non-linear integrable systems appeared in [8] (see also [9] ).
INTRODUCTION
Let us consider a fourth order selfadjoint differential operator
We assume that potentials u(x) and v(x) are real-valued, smooth and rapidly decaying functions satisfying the property (1.2) |u(x)|, |v(x)| < const exp(−ε|x|)
for some ε > 0. This article could be considered as a natural continuation of the study started in [9] (see also [13] , where some of the result of this paper were presented). Namely we shall give a full description of potentials u and v which the operator L is reflection free. Naturally such a class of potentials is related to the discrete spectrum which in the case of fourth order operators can be either negative or embedded into the continuous spectrum. However, we find at least two following surprising facts. We prove that if a reflectionless operator L has a negative eigenvalue, then this eigenvalue has to be of multiplicity two. The second fact concerns reflectionless potentials which create a positive eigenvalue embedded into the continuous spectrum. In this case we prove that the operator L is equal to square of a Schrödinger operator with the soliton type potential cosh −2 . Of course such an eigenvalue is of multiplicity one. In the end we also include so-called non-spectral singularities and obtain a non-trivial class of reflectionless operators which does not generate any eigenvalue. Compare with [9] where most of the main results were obtained by guessing and using complicated computations applying Darboux transforms, in this paper we are able to present full description of reflectionless potentials by systematically studying a Riemann-Hilbert problem. Such an approach has shown to be very fruitful in the study of higher order operators [1] , [10] , where soliton type solutions were not considered. Notice that the RiemannHilbert approach was also used in a number of related papers [2] , [4] , [5] , [6] , [11] and [12] .
Considering non-spectral singularities we are able to clarify the recent result from [3] , where the authors constructed an example violating a functional inequality related to a trace formula for the operator (1.1) (see Remark 3, Section 6).
RIEMANN-HILBERT PROBLEM

Reduction to an integral equation.
Here we would like to remind a formulation of the Riemann-Hilbert problem adapted to a fourth order differential operator (see [1] and [10] ).
Let us introduce the following four solutions Ψ l (x, k), l = 1, 2, 3, 4, of the spectral equation where k l = k exp(iπ(l − 1)/2), l = 1, 2, 3, 4. Notice that k l = k l (k), k ∈ C. By using standard computations one can find that Ψ l (x, k) satisfy the following Fredholm integral equations (2.4) Ψ l (x, k) = e k l x + 1 4k 3 +∞ x j:Re(k j )≥Re(k l ) e k j (x−y) ((k j ) 2 u(y) + k j u (y) + v(y))Ψ l (y, k)dy
and have jumps on the set of rays γ m (2.5)
It is well known that functions Ψ l (x, k) might have singularities. Some of them correspond to the spectrum of the operator L and therefore lie on the rays (2.5). However, there are poles which are usually called non-spectral singularities and do not belong γ m . Both such singularities appear from the fact that the equations (2.4) are of Fredholm type. Due to the condition (1.2) the solutions Ψ l (x, k) have analytic continuation to some neibourhoods Ω ε m of sectors Ω m , where
In particular, this means that the singularities of Ψ l (x, k) cannot have accumulating points belonging to the rays (2.5). From the equation (2.4) one immediately derives that functions Ψ l (x, k) satisfy the following asymptotics as |k| → ∞ uniformly with respect to x:
This allows us to conclude that the set of singularities of functions
is finite. Let us now consider asymptotics of the functions Ψ l (x, k), as x → −∞, and introduce
Then the asymptotics (2.3) can be written in a more transparent form
m=1 Ω m . Functions a l (k) have the same analytical properties as the functions Ψ l (x, k). In particular, they are meromorphic in sectors Ω m .
2.2. Some algebraic properties of Ψ l (x, k). Let us introduce a Wronskian of three functions 
This is a well-known statement which follows from Liouville's formula. 
Proof. The left hand sides of all these relations are solutions of the equation (2.1) and satisfy the same conditions at ±∞ as the functions at the right hand side. This implies that they must be equal.
By using Lemma 2.2 and taking into account (2.2) and (2.8) we obtain the following statement:
Further interesting relations between the coefficients a l were first found in [13] .
Lemma 2.4. The functions a l (k) satisfy the identities
Proof. The proofs of the two identities (2.9) are similar, so we consider only the first one. Let us now introduce a Wronskian of two functions (2.10)
Using (2.1) we obtain
and therefore
2) and (2.3) the limit of right hand side of this equality equals zero as c → +∞. Thus
The latter equality together with asymptotics (2.2) and (2.8) (which hold true even together with the derivatives with respect to x) completes the proof of the lemma.
t . Denote by Ψ +m (Ψ −m ) the limits of Ψ as k approaches the ray γ m such that arg k → πm/4 ± 0. Let G m (k) be matrices which connect vector-functions Ψ +m (x, k) and
where r 0 can be found from (2.4) as
and
where
By using the invariance of the equation (2.1) under transformation k → ik one finds matrices G 3 and G 4
It is natural to call the functions r l (k), l = 0, 1, 2, the reflection coefficients.
3. REFLECTIONLESS POTENTIALS GENERATED BY ONE NEGATIVE EIGENVALUE 3.1. A negative eigenvalue is always of multiplicity two. We define reflectionless potentials as potentials for which all solutions Ψ l (x, k) are meromorphic in k functions. For such potentials jump conditions at γ m are trivial and reflection coefficients are equal to zero
Let us consider reflectionless case corresponding to one negative eigenvalue λ * = k 4 * , k * = (1 + i)s * , s * > 0, and such that the functions Ψ l (x, k) do not have any other spectral and non-spectral singularities.
The boundary conditions (2.2), (2.8) at ±∞ imply a . Therefore by using (2.7) we find
Clearly Ψ 2 (x, k * ) and Ψ 3 (x, k * ) are exponentially decaying functions as x → +∞. It follows from (3.1) that the functions a 2 (k) and a 3 (k) are meromorphic in the first quadrant {k : 0 < arg k < π/2} and k * is their common zero. Thus (2.8) implies that Ψ 2 (x, k * ) and Ψ 3 (x, k * ) are two linear independent eigenfunctions of the operator L.
In particular, since the multiplicity of the negative eigenvalue of the operator L cannot exceed two, this means that k * is a simple zero for each of the functions a 2 (k) and a 3 (k).
We finally obtain that for a reflectionless pair of potentials u and v the negative eigenvalue λ * of the operator L is always of multiplicity two.
Properties of eigenfuntions.
Let us now consider meromorphic solutions Ψ l (x, k) at k * . If k ∈ γ 1 then for the functions Ψ 2 (x, k) and Ψ 3 (x, k) the sum in the second integral in (2.4) disappears and therefore these equations become Volterra's integral equations. This fact implies that both Ψ 2 (x, k) and Ψ 3 (x, k) are analytic at k * . Since k * is a simple zero of functions a 2 (k) and a 3 (k), in view of Lemma 2.4 we find that a 1 (k) and a 4 (k) have simple poles of multiplicity one at k * .
LetΨ l (x, k) be solutions of our differential equation (2.1) satisfying the following boundary conditions at ±∞:
If k ∈ γ 1 and l = 1 or 4 then in the latter equation the sum in the second integral disappears andΨ 1 (x, k) andΨ 4 (x, k) satisfy Volterra's integral equation. This implies that these functions are analytic at k = k * . By using asymptotic formulae (2.2) and (2.8) we find that there is a natural relation betweenΨ 1 (x, k) andΨ 4 (x, k) and our basic functions Ψ 1 and
Hence functions Ψ 1 (x, k) and Ψ 4 (x, k) have simple poles at point k * . Using invariance under the transformation k → ik we obtain the complete description of poles of functions Ψ l (x, k):
We shall now compute the unknown functions α(x) and β(x). We know that
ClearlyΨ 4 (x, k * ) is a decaying function as x → −∞. Therefore,Ψ 4 can be expressed as a linear combination of functions Ψ 2 and Ψ 3
So, we obtain that
where the constants c = z 1 res k=k * a 4 (k) and d = z 2 res k=k * a 4 (k). Similarly we find that there exist constantsc andd such that
SinceΨ 1 andΨ 4 are linear independent we obtain that cd =cd. Selfadjointness of the operator L and Lemma 2.2 imply that if k ∈ γ 1 , then
Thus by using (3.7), (3.8) and (3.9) we find (3.10)c = id,d = ic.
3.3.
Some relations between the coefficients c and d. By using Lemma 2.1 we find that the Wronskian
] is a solution of the spectral equation (2.1). Comparing its behaviour as x → +∞ with the asymptotic formulae (2.2) we obtain
In particular, this implies (3.11) 4ik
Finally, applying (3.10) we conclude that
Inserting expressions (3.3)-(3.6) into (3.7) and (3.8) we finally obtain the system of two algebraic equations for coefficients α(x) and β(x):
In order to find the family of reflectionless potentials corresponding to the eigenvalue λ * we have to find solutions α and β of the equation (3.13) . It is easy to verify that det A(x) = 0 for all x ∈ R if and only if (3.14) b > |c|.
Substituting Ψ 1 (x, k) given by (3.3) into the equation (2.1) we obtain potentials u(x) and v(x)
The same solution was found in [9] with the help of a Hirota-type equation.
The next theorem summarizes the main results obtained in this Section. Remark. The potentials u and v can be found explicitly via solutions α and β of the algebraic equation (3.13) . In general, α(x) and β(x) and consequently u(x) and v(x) are rational functions of e 2s * x , e −2s * x , cos(2s * x) and sin(2s * x).
4. REFLECTIONLESS POTENTIALS GENERATED BY SEVERAL NEGATIVE EIGENVALUES 4.1. Solutions corresponding to several eigenvalues. We now consider a more general situation. Namely, let a reflectionless operator L has N negative eigenvalues λ n * = (k n * ) 4 , n = 1, 2, ...N . In the previous Section we studied the properties of solutions Ψ l at k * . Notice that such arguments (arguments concerning the behaviour of Ψ near k * ) were local and have not assumed that there were no other singular points. Therefore we find that eigenvalues λ n * are all of multiplicity two and that the corresponding eigenfunctions are Ψ 2 (x, k n * ) and Ψ 3 (x, k n * ). Similarly to (3.3)-(3.6) we obtain that the four independent solutions {Ψ l (x, k)} 4 l=1 are given in the following form:
As we had before, the functions Ψ j (x, k) satisfy the identities
. Besides, as in (3.10) and (3.12) we find
4.2.
Further properties of c n and d n . For one-soliton solution the inequality (3.14) followed from the explicit expression for the determinant of the matrix A(x). For a N-soliton solution the corresponding determinant is too complicated. Therefore in order to prove that the corresponding system of equations is uniquely solvable we need two auxiliary statements.
Lemma 4.1. The constants d n and c n introduced in (4.5) satisfy the following relations
Proof. Let us consider two functions Ψ 2 (x, k) and Ψ 3 (x, k) satisfying the spectral equation (2.1).
Differentiating the identity LΨ 2 (x, k) = k 4 Ψ 2 (x, k) with respect to k we arrive at
where the latter equality follows from Ψ 2 (x, k) = Ψ 3 (x, ik). From (4.2) and (4.3) we immediately find that
Let us consider the behaviour of the Wronskian W 2 [Ψ 3 ,Ψ 2 ] at −∞. According to (2.4), Ψ 2 (x, k) and its derivative with respect to k have the following asymptotics as x → −∞:
n * ) and Ψ 3 (x, k n * ) are two linear independent eigenfunctions they can be written as linear combinations ofΨ 1 andΨ 4 (4.6)
Repeating this argument for Ψ 2 (x, k) instead of Ψ 3 (x, k), namely considering the Wronskian Ψ 2 (x, k) andΨ 2 (x, k), we obtain
Therefore (4.9), (4.10) together with (4.8) imply
Moreover, from (4.6) and (4.7) we havẽ
Equations (4.11) and (4.9) lead us to
|Ψ 2 (x, k n * )| 2 dx and therefore d n = ib n with some b n > 0 and b n > |c n |, n = 1, 2, . . . , N . The proof is complete.
Inserting expressions (4.1)-(4.4) into (4.6) and (4.7) we obtain the system of 2N algebraic equations for the coefficients α n (x) and β n (x):
4.3.
Solvability of algebraic equations. Solvability of this system depends on it's determinant ∆(x).
Lemma 4.2. Determinant ∆(x) of the matrix described by the above equations is non-degenerate for all x ∈ R.
Proof. Let us assume that ∆(x 0 ) = 0 for some x 0 ∈ R. Then for this x 0 we have a non-trivial solution (α n 0 , β n 0 ) of our algebraic homogeneous system of equations
Let us consider four functions
It follows from Lemma 2.2 that Ψ 1 (x, is) = Ψ 3 (x, is), s ∈ R. Thus
We now observe that the value of the integral I = ip, p ≥ 0, and it can be zero only when both constants α n 0 , β n 0 are zero. On the other hand we can calculate I with the help of residues
By analogy with (3.7) and (3.8) we can obtain
Applying Lemma 4.1 we obtain
which contradicts the equality I = ip, p ≥ 0.
We have now proved the following result.
Theorem 4.1. Let L be a fourth order differential operator defined by (2.1).
Assume that L has N negative eigenvalues λ n * , n = 1, 2, . . . , N . Then for an arbitrary family of parameters c n and d n , c n ∈ C, d n = ib n , b n > |c n |, n = 1, 2, . . . , N , there exists a unique pair of real potentials u and v, such that the operator L is reflection free. Each of the eigenvalues λ n * is of multiplicity two.
REFLECTIONLESS POTENTIALS CORRESPONDING TO A POSITIVE
EIGENVALUE
The scheme used in the previous section can be applied to constructing reflectionless potentials corresponding to a positive eigenvalue belonging to the continuous spectrum. Note that for a fourth order operator L the eigenvalues embedded into the positive continuous spectrum are always of multiplicity one.
Let k 4 * , k * > 0 be such an eigenvalue. Then function a(k) = a 2 (k)a 3 (k) has a simple zero at the point k * . Using Lemma 2.3 and a 2 (k) = a 4 (k), for k > 0, (see Lemma 2.4) we obtain that a 2 (k) and a 4 (k) are both analytic and nonzero at k * , while a 3 (k) has simple zero at k * and a 1 (k) has simple pole at k * . Using asymptotics with respect to k → ∞ we arrive at the following expression for Ψ 1 (x, k):
and using invariance under k → ik we get
LetΨ 1 (x, k) be the solution of (2.1) such that
Then by using uniqueness (cf. (3.2))
FunctionΨ 1 (x, k) satisfies a Volterra integral equation for {|Im k| < Re k} and therefore is analytic at k * . Moreover, functionsΨ 1 (x, k * ) and Ψ 3 (x, k * ) are the only decaying solutions at −∞ and +∞ respectively. Since k 4 * is an eigenvalue of multiplicity one we obtain that there exists a constantĉ = 0 such thatΨ
where c =ĉ res k=k * a 1 (k). Substituting expressions for
If, for example, c = 2k * then by inserting Ψ 3 (x, k) into equation (2.1) we obtain the following pair of reflectionless potentials
4 * with an eigenfunction cosh −1 (k * x). Note that the operator L with potentials u k * (x), v k * (x) can be obtained as a square of the Schrödinger operator
. The same result also holds true in a more general case. Proof. Repeating arguments used for the case of one positive eigenvalue we obtain the following expressions for
satisfying the system of equations
n * ), c n = 0, n = 1, . . . N. Note now that the equations (5.3) -(5.5) coincide with the corresponding expressions when solving the inverse problem for a Schrödinger equation, see [5] ( [7] ). Therefore there is a reflectionless real-valued potential w for which the Schrödinger operator
has negative eigenvalues −(k n * ) 2 , n = 1, . . . , N . The condition of nonsingularity of the potential w implies c n > 0 for all n = 1, . . . , N . We also have
and thus H 2 = L.
NON-SPECTRAL SINGULARITIES
Let us now consider reflectionless operator L for which the corresponding Riemann-Hilbert problem has non-spectral singularities. For such a problem singular points of the functions a l (k) satisfy some symmetries.
6.1. Structure of poles and zeros of solutions Ψ l . Let, for example, a 1 (k) has a simple pole at point k * ∈ Ω 1 . Then (see (2.9)) the function a 3 (k) has a simple zero at k * . Now, we would like to show that a 2 (k) has a simple pole and consequently (see (2.9)) a 4 (k) has a simple zero at k * . In order to prove this we need the following below two simple statements.
Lemma 6.1. There exist solutions {ϕ l (x, k)}, l = 1, 2, 3, 4, of equation (2.1) which are analytic in k ∈ Ω 1 and satisfy the boundary conditions
For a proof of this Lemma see, for example, [6] .
The following fact is trivial.
with some 1 = 0, 2 = 0.
Comparing the asymptotics at +∞ we find that ϕ 3 (x, k) = Ψ 3 (x, k) for k ∈ Ω 1 . From Lemmas 6.1 and 6.2 we have
where (k) is an analytic in k function. Here we do not know a priori that = 0. From (2.2), (2.8), (6.1) and (6.2) we obtain that
Let us show that
Indeed, if we assume that (k * ) = 0, then Ψ 2 (x, k) is regular at k * . Clearly, both Ψ 2 (x, k * ) and Ψ 3 (x, k * ) are exponentially decaying functions as x → +∞. From (2.8) it follows that Ψ 2 (x, k * ) = O(e ik * x ). Since a 3 (k * ) = 0 then by using (2.8) and Lemma 6.2 we also obtain that Ψ 3 (x, k * ) = O(e ik * x ). This means that there is a linear combination of Ψ 2 (x, k * ) and Ψ 3 (x, k * ) which crosses out the terms O(e ik * x ) and therefore exponentially decays as x → −∞. Thus, k 4 * must be an eigenvalue of L and this contradicts the selfadjointness of L.
From (2.8) and (6.3), (6.4) we obtain that a 2 (k) has a simple pole at k * . Using invariance under k → ik we arrive at a complete picture of poles for functions Ψ l (x, k):
From (6.3) we immediately observe that
Similar arguments give us three more identities
By Lemma 2.2 we have (6.13)
Lemma 2.1 and asymptotics at +∞ (2.2) imply (cf. (3.11))
Combining the latter identity with (2.2), (6.9) and (6.10) and computing the residue of the Wronskian we obtain (6.14)
If we insert the expressions (6.5)-(6.8) into (6.9)-(6.12) we arrive at a system of four algebraic equations for the coefficients α(x), β(x), γ(x) and δ(x)
6.2. Solvability. In order to prove that there exists a unique solution of this system of equations we consider the following statement.
Proof. The proof is based on a theorem of uniqueness for the corresponding Riemann-Hilbert problem (see [1] , [10] ). Some of the arguments below were already used in Lemmas 4.1 and 4.2. Let us assume that there is x 0 such that
Then at this point we can find a nontrivial solution α 0 , β 0 , γ 0 , and δ 0 of the homogeneous system of equations (6.15) Aζ = 0.
Let us introduce the following four functions:
By using the fact that (α 0 , β 0 , γ 0 , δ 0 ) is a solution of (6.15) we conclude that Ψ l satisfy the equations (6.9) -(6.12) and therefore
. As in Lemma 4.2 we find that
The latter integral can be zero only if all the constants α 0 , β 0 , γ 0 and δ 0 are zero. Computing I with help of residues we find
. Taking into account (6.13) and (6.14) we arrive at I = 0 which gives us a contradiction. Lemma is proved.
Remark 1.
Cancellations appearing in the right hand side of (6.20) has been already observed in [1] in a somewhat more general situations. Remark 2. In this Section we consider only a one-soliton case. However, it is not difficult to generalize this approach to the case when there are 2N non-spectral singularities (cf. Section 4).
Namely, let {k
is a set of points from sector Ω 1 . Then the solutions Ψ j can be represented as follows:
ik + ik Differentiating the equation LΨ 4 = k 4 Ψ 4 with respect to t we obtain
Taking into account (7.1) the latter equation can be rewritten as (7.2) M Ψ 4 (x, k, t) + (Ψ 4 (x, k, t)) t =Ψ(x, k, t), for someΨ(x, k, t) such that (L − k 4 )Ψ = 0. Comparing the asymptotics of Ψ 4 (x, k, t) and the left hand side of (7.2) as x → ±∞ we find from (2.2) and (2.3) that 8ik 3 Ψ 4 (x, k, t) =Ψ(x, k, t) and then automatically (see (2.8)) (a 4 ) t (k, t) = 0. It follows from (3.7) that res k=k * Ψ 4 (x, k, t) = c(t)Ψ 2 (x, k * , t) + d(t)Ψ 3 (x, k * , t) and we can rewrite the equation (7.2) as 8(−ik * ) 3 (c(t)Ψ 2 (x, k * , t) + d(t)Ψ 3 (x, k * , t)) = = M (c(t)Ψ 2 (x, k * , t) + d(t)Ψ 3 (x, k * , t)) + (c(t)Ψ 2 (x, k * , t) + d(t)Ψ 3 (x, k * , t)) t . If we now instead of Ψ 2 and Ψ 3 substitute their asymptotics at +∞ (see (2.2)) we obtain 8(−ik * ) 3 c(t)e ik * x + 8(−ik * ) 3 d(t)e −k * x = = 8(ik * ) 3 c(t)e ik * x + 8(−k * ) 3 d(t)e −k * x + c t (t)e ik * x + d t (t)e −k * x and consequently (7.3) c(t) = c(0) exp(−32s 3 * t(1 + i)), d(t) = d(0) exp(−32s 3 * t). This dynamics preserves the conditions of solvability of the system of equations (3.13) Re d = 0 and |d| > |c|. Therefore a nonsingular soliton remains to be nonsingular for all t though its shape might vary. A stationary solution (solution of a constant shape) exists only in the case c = 0. In this case u(x, t) = u(x + 16s 2 * t) and v(x, t) = v(x + 16s 2 * t).
